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I. INTRODUCTION 
On R”, the fundamental solution Z(x, t; y, S) of the general linear 
homogeneous second order parabolic equation 
L,,,U = ~ Uij(X, t) 
i,j= I 
+c(x,t)u-$=O (x E R”, t > s) 
is related to the fundamental solution W(x, t; y, S) of the formally (in 
L*(R”, dx)) adjoint equation 
L&u = c a a21ai,j(x~ t)Ul _ + “l”i~,fIul 
i,j= 1 axiaxj iY1 I 
+c(x,t)u+~=0 (x E R", t < s) 
by 
wx, t; Y, s) = Z(Y, s; x, 0 (1) 
This basic duality relationship can be exploited to establish many 
important properties of Z(x, t; y, s) such as uniqueness, smoothness, bounds, 
and the semigroup property, and also to establish uniqueness and 
smoothness of solutions of L,,(u = 0 (see, for example [6, 71). 
Proofs of the duality relationship [6, 71 are dependent upon the formal 
adjointness of L and L* as operators in L*(R”, dx). However, when we 
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attempt to replace the finite dimensional I?” by an infinite dimensional 
Hilbert or Banach space, there is no available analogue of Lebesgue measure 
[ 31. Also, in finite dimensions, the fundamental solution Z(x, t; y, s) is the 
Radon-Nikodym derivative with respect o Lebesgue measure of a measure 
qx,t,s(dy) against which one integrates an initial function S(y) in order to 
produce a solution u of L,*[u = 0 valid for all t > s. That is, 
4x3 t) = J f(Y) 4,,l,S(dY) = 1 f(Y) Z(x, cY, s> ha Tl” I ,>” 
The rightmost expression cannot be extended to an infinite dimensional 
setting; hence in infinite dimensions we are led to view a fundamental 
solution as a measure, analogous to qx,,,#y). 
In this paper, we prove a reformulation of the duality relationship (1) in 
the infinite dimensional setting of an abstract Wiener space. Since our 
operators L and L* will fail to be formally self-adjoint in any L*(dp) setting, 
we will proceed by a technique of semi-finite approximation, in which we 
approximate the measures q,,,,,(dy) by finite dimensional fundamental 
solutions crossed with abstract Wiener measure. 
II. THE ABSTRACT WIENER SETTING 
L. Gross [2,4] has shown that the setting of an abstract Wiener space is 
natural and useful for the development of the fundamental solution of the 
infinite dimensional heat equation (a/&)~ = Au. Fundamental solutions of 
parabolic equations with space-dependent coefftcients have been developed in 
[ 10, 131. Infinite dimensional elliptic and parabolic operators are of 
widespread current interest (see, e.g., [ 1, 5, 8, 9, 141). 
Let B be a real separable Banach space with norm ]] . I], and P be a 
Gaussian mean zero probability measure supported on B. The set of 
directions in which p translates to an equivalent measure forms a dense 
Hilbertable subspace H of B. A unique inner product (., .) may be put on H 
so that the natural injection i: H + B is continuous, and so that if we make 
the identifications 
B*?+H* 
Riesz 
z HLB, 
Representation 
then for each finite dimensional projection P on B with n-dimensional range 
in B* and for each Bore1 set r in P[B] 
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where dv is n-dimensional Lebesgue measure. The pair (H,B) is called an 
abstract Wiener space, and ,U is the Wiener measure on B induced by the 
isonormal distribution on H. ,D induces a family { p,(x, dy): t > 0, x E B } of 
Gaussian Bore1 measures on B in such a way that p, is generated by formula 
(2), where each of the two occurrences of the number 2 is replaced by 2t, 
and then p,(x, E) = p,(E -x) for each Bore1 set E. The family {p,(x, dy)} 
forms a fundamental solution of the heat equation on (H, B) in a manner 
which we will now describe. 
Let f be defined on B with values in a Banach space W. f is called H- 
differentiable at x if the function g(h) zf(x + h), defined for all h E H, has a 
Frechet derivative g’(0) at the origin of H. In this case the H-derivative off 
at x, Of(x), is defined to be g’(0). Hence Dj(x) belongs to L(H, IV). Higher 
order H-derivatives are defined inductively. When f is a real-valued function, 
Df(x) E H*, or equivalently EH, and D2f(x) E L(H, H) = L2(H). The 
Laplacian ofS, d’(x), is defined to be trace Dtf(x) whenever D2f(x) is of 
trace class [4]. The heat operator is thus L,,lu = trace D:,u - (a/at)u. In 
the case of the heat operator, if we set p,f(x) = lB f(v) p,(x, dy) then for 
each f in the set @ of all bounded and uniformly Lip-l real-valued functions 
on B we have [4] 
A-i. p,f(x) is differentiable with respect to t, twice H-differentiable 
with respect o x, and Df,p( f (x) is of trace class, 
A-ii. U(X, t) = p1 f (x) satisfies L,,, u(x, t) = 0 for x E B, t > 0, 
A-iii. lim,,, p, f (x) = f (x) uniformly for x E B. 
A family of measures satisfying A-i, ii, iii for all f in 67 is said to 
constitute a fundamental solution of the Cauchy problem for a parabolic 
operator L,,,. 
We wish to investigate the relationship between the fundamental solutions 
of the Cauchy problem for the general inear second order parabolic operator 
L,,,u = trace[a(x) D:,u] + (b(x), D,u) + C(X)U -au/at (3) 
and for an operator L,*,, modelled upon the formal expression 
c a2[aij(x)ul 
z aXiaXj - \' a [bi(X)U] + c(x)u -au/at, 7 aXi (4) 
where a: B + L’(H), b: B + H, c: B --) R’. We are restricting our 
consideration to time-independent coefficients u, b, c primarily for notational 
convenience. Hence both L and L* will be defined for all x E B and positive 
times t. 
Construction of a fundamental solution of (3) is described in [IO], and 
also, under a different set of hypotheses on the coefficients, in [ 131. In order 
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to make sense of an adjoint operator L*, in this paper we will basically 
impose the hypotheses of Theorem 2 of [ 131, which establishes the existence 
of a fundamental solution {qt(x, dy)} of L,,tu = 0 satisfying properties A- . . . . . . . I, 11,111 tf the coefficients a, b, c, of the differential operator (3) satisfy 
B-i. {a(x): x E B) is a family of operators on B such that 
lb(x) -III rpcB,Bj < 1 -E for some E > 0; 
B-ii. a(x) is of the form Z + a member of Y*(B), and a(x)]” is 
positive and symmetric; 
B-iii. a(m) - 1, considered as a mapping of B to 9*(B), is rwice B- 
differentiable; 
B-iv. 114.) -~lly~~B~, llM.> -Vll~cB,, and Il(a(.> - I)“Ily4tB, me 
uniformly bounded and Lip-l ; 
B-v. ] b(.)], and ]c(.)] are uniformly bounded and Lip-l. 
III. THE DUALITY RELATIONSHIP 
When B is n-dimensional, we can write the operator adjoint to L,,, as 
- (b(x), D,u) - [trace Db(x)u] 
We will show in the proof of the following proposition that under mild 
additional hypotheses on a and b we can define a vector TR[Du(x)(.)] in H 
and a real number Tr*D*u(x) so that the operator “adjoint” to L,,, (3) may 
be defined as 
L,*,,u = trace[u(x) D:,u] t (2 TR [Du(x)(~)] - b(x), D,u) 
t [ Tr*D*u(x) - trace Db(x) t c(x)] U. (5) 
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PROPOSITION 1. Assume a, b, c, satisfy B-i through B-v and also 
C-i. D’s(x), when viewed as an operator from H @ H to H 0 H, is 
of trace class, and x --t trace,,, D’s(x) is uniformly bounded and Lip- 1; 
C-ii. x--r lb(x)],, is uniformly bounded and Lip-l, and Db(x) exists 
for each x (where b is considered to have range in B*); 
C-iii. trace Db(x) is uniformly Lip-l. 
Then there exists an H-valued function x + TR [Da(x)(.)] and a real-valued 
,function x -+ Tr*D*a(x) such that for any orthonormal basis {ei) of H 
(TR [Da(x)(-)], ej) = c (D[a(x>ej] ei, ei) 
and 
Tr*D*a(x) = x (D’(a(x)ei, ei)ei, ej), 
ii 
and such that the coeficient operators of L:,, as given by Eq. (5) satisfy B-i 
through B-v. 
Proof First we will show that C-ii implies that Db(x) is of trace class; 
hence C-iii is merely to ensure that the zero order coefficient of L,*,, satisfies 
B-v. The restriction to H of an element of Y*(B) is well known to be a trace 
class operator on H, with 
II - lh, < Constant - I/. lbcBJT (6) 
where the constant depends only upon the B norm. Using hypothesis C-ii, we 
see that for any h in H 
- 
(Db(x)h],, < ‘,I b(x +S;)-b(x) / 
B* 
< lim Constant . 
s-0 
< Constant . I( h ]lB. 
Since H is dense in B, it follows that Db(x) E 9*(B), and may consequently 
be viewed as a trace class operator on H. Since the precesing calculation 
shows 1 Db(x)(9,2CB, to be uniformly bounded, it follows that Itrace Db(x)] is 
uniformly bounded. 
For h E H, D[a(x)h] E @(B),and so is of trace class. From B-iv and (6), 
h-t trace D[a(x)h] is continuous. We denote this mapping by TR [Da(x)(.)]. 
It follows from B-iv that 1 TR [Da(x)(.)]], is uniformly bounded and Lip- 1. 
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Next we will show that, even in the absence of C-i, D’s(x) may be viewed 
as an operator on the Hilbert tensor product HO H consisting of 
Hilbert-Schmidt operators on H. We first consider D’s(x) as a bilinear 
mapping of H x H to 40*(B). D’s(x) can be extended to a continuous 
mapping of H @ H to Y’(B) as follows. If {ei} is any orthonormal basis of 
H, then {ei @ ej} forms a basis for H @ H. Let C = Ci,j Cijei @ e,i, Ciq,i cfr < 
co, be an arbitrary element of H @ H. Then for b,, b, E B, 
cijei 0 ej9 b, 3 b2 
N 
= x cij(D2a(x)ei, ej, b7 b2) 
i.j= I 
y‘ (D2a(x)ei, ej, b,, b2) . 
However, D’a(x)(., a, b,, b2) E Y*(B), and hence is a Hilbert-Schmidt 
operator. Thus the rightmost sum converges, and, by B-iv, is dominated by a 
constant multiple of 11 b, II8 . II b,ll,. It follows that D’u(x) may be viewed as 
an operator on the Hilbert space H @ H. The trace in H @ H of D’u(x) is, 
formally, 
x D2u(x)(ei @ ej)(ei @ ej) = C D’[u(x)(ei, ej)lteiT ej). 
id id 
(7) 
Hence, hypothesis C-i ensures that expression (7) is independent of the 
choice of basis of H. We denote this trace by Tr*D*u(x). C-i also implies 
that Tr2D2u(x) satisfies B-v. 
Since the second order coefficients of L,,, and L:,, coincide, B-i through 
B-iv are satisfied. The preceding calculations show that B-v is satisfied by 
the first and zero order coefftcients of L,*,,. 
Since the coeflicients of L,*,, satisfy B-i through B-v, we have 
PROPOSITION 2. Assuming B-i through B-v and C-i through C-iii, there 
exist fundamental solutions (q,(x,dy)} of L,,tu =0 and {q:(x,dy)} of 
L:,,u = 0 satisfying properties A-i, ii, iii. 
We turn now to formulating the adjoint relationship between the 
fundamental solutions of L,,(u = 0 and L:,,u = 0. Theorem 1 of [ 121 states 
that for each t > 0 and x E B, q,(x, dy) is absolutely continuous with respect 
to pzr(x, dy). Although the proof is given for a set of coefficient hypotheses 
different from the present ones it is easily observed that the proof also holds 
when instead the coefficients satisfy hypotheses B-i through B-v. Hence we 
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have &+(x, u’y) < P*,(x, dy). Now in finite dimensions J+,(x, dy) is the Gauss 
measure 
v2,(x, dy) = (47rf)-“zecix-Y’Y4f dy, 
whose Radon-Nikodym derivative with respect to Lebesgue measure is 
symmetric under x +-+ y interchange. Hence the finite dimensional adjoint 
relationship (1) is readily transcribed into a similar relationship between the 
Radon-Nikodym derivatives of the fundamental solutions with respect to 
v~,(x, &). Consequently the infinite dimensional relationship that we seek to 
establish is: there exists a Bore1 measurable function Q(f, x, y) so that for 
each t and x, Q(f, x, y) is the Radon-Nikodym derivative of q,(x, &) with 
respect to P&V, dy), and for each f and x, Q(f, ., x) is the Radon-Nikodym 
derivative of q:(x, dy) with respect to pI1(x, dy). 
The proof exploits the technique of “semi-finite approximatioh” developed 
in [ 111, whereby for each f and x, ql(x, dy) may be obtained as a suitable 
limit of products of finite dimensional fundamental solutions with infinite 
dimensional Wiener measures. Thus it is not surprising that q,(x, u”) inherits 
an adjoint relationship analogous to the finite dimensional property. Let {e,) 
be an orthonormal basis of H consisting of vectors contained in B*. Let P, 
be the projection onto the space K spanned by e, ,..., e,. We modify the coef- 
ficients a, 6, c, of LX., by 
a,(x) = P”U(P,X)P,, b,(x) = P,W,x), c,(x) = c(P,x). 
The finite dimensional parabolic equation 
L:-,u = trace,[a,(x) DXXu] -t (b,(x), D,u) + c,(x)u - th/af = 0 
has a fundamental solution consisting of a family of real-valued functions 
(z,(t, x, ~1): t > 0, x and y in K). Since K is a subspace of B*, we can define 
KL as the annihilator of K in B. Let p:’ denote Wiener measure on K’. For 
any x in B, we decompose x=x’ +x” with x’ E K and x” E K I. The 
approximating measures {q:(x, dv)} are defined by 
q:(x, 4) = Z”(f, x’, Y’) x P:;(x”, W). (7) 
Then, assuming also hypothesis D-i as stated below, it is known [ 11, 131 that 
as P, -+ I, qF(x, dy) -+ q,(x, d’) in total variation norm for each x E B and 
f > 0. 
The smoothness hypotheses on the coefficients of L,,, used in the original 
proof [ 111 of the semi-finite approximation are not sufficient to enable proof 
of a stronger form of convergence, such as pointwise convergence of the 
Radon-Nikodym derivatives of q:(x, dy) with respect to p2,(x, dy). This 
latter is the type of convergence that we require in order that the duality 
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relationship be inherited by q,(x, dy). Also, x - y measurability of 
&t(x, dYMP*t(X, dY) is not evident from the estimates of [ 111. However, the 
significantly different smoothness hypotheses B-i through B-v on a, b, and c 
which we are employing enable us to improve the estimates of the original 
semi-finite approximation considerably, resulting in 
THEOREM 3. Assume that the coeflcients of the parabolic operator L,,, 
satisfy B-i through B-v. Assume also that 
D-i. there exists an orthonormal basis {e,} for H, consisting of 
vectors in B*, such that the projections {P,} on B defined by 
P,x = t (ei, x) e, 
i=l 
converge strongly to the identity operator on B; 
D-ii. given any E > 0 there exists n, so that for all n > n,, 
IIP,4P,x) p, - @>llt, < E IIXIL 
where a(x) = a(x) - I. 
Set 
q:(x, dy) = Q,k x, Y> pzt(x, dy), (8) 
where Q, is continuous on (0, 00) x B x B. Then as n + 00, Q,(t, x, y) 
converges untformly and boundedly as t ranges over any compact subset of 
(0, 00) and as x and y range over any bounded subset of B X B. 
Proof: The fundamental solution {z,(t, x, y)} of Li,,u = 0 may be 
obtained in the form 
z,,(t, x, Y) = S&, x, Y> + ,fijpn s,(t - u, x, w> r,(u, w y) dw du, (9) 
following Eq. 8 of [ 111 or Eq. 9 of [ 131. The parametrix sn(t, x, y) is 
explicitly given by 
s,(t, x, y) = [ (4rrt)” det a,(y)]-“* ev[-(b,(x>l-‘(x - u), x - y)Ptl. (10) 
r,(t,x, y) is obtained by applying Lz,, to each side of (9) setting 
M,(t, x, y) = L:,ls,(t, x, y), and solving the resulting integral equation 
t 
r&, x, Y) = M,(t, x, y) + SI 
r,(u, w, y) M,(t - u, x, w) dw du (11) 
0 Pi” 
by iteration. 
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It is well known that z,(t, x, y) is continuous on (0, co) x K x K, and is in 
L’(K, dy). Also, Wiener measure p&, dy) on B decomposes into the 
product of Gauss measure 
V&d’ dy’) = (4nt)) ni2 exp [ -(x’ - y’, x’ - y’)/4t] dy’ 
on K with Wiener measure &(x”, dy”) on K-. Hence by Eqs. (7) and (8), Q, 
is given by 
Q,(t, x, y) = (471f)~*z,(t, x’, y’) exp[ (x’ - y’, x’ - y’)/4t], (12) 
which is clearly continuous on (0, co) x B x B as asserted in the statement 
of this theorem. 
In order to assess the regularity of the convergence of {Q,) as the 
dimension n becomes infinite, we must seek estimates of the Radon- 
Nikodym derivatives of r,(t, x, y) dy with respect to Gauss measure on K. 
That, in view of (9) will lead us to useful estimates on the convergence of 
the Radon-Nikodym derivatives of {z,(t, x, y) dy}. 
Let P and Q be projections defined by condition D-i. We will assume, 
without loss of generality, that P > Q. For notational convenience we will 
replace the sub- or superscript n in r,, z,, qy, etc., by P or Q. Although ra 
(or zc) was initially defined only on Q[H], we can and will also view it as a 
cylinder function defined on the larger spaces P[H] or H in the standard 
way: if Jc is the extension, then Fc(t, x, y) = r,(t, Qx, QJ). Since the 
appropriate context will be clear, we will use the same notation ra on Q[H], 
P[H], or H. 
Solution of Eq. (11) by iteration leads to a series expansions rp = 
Cmzo rp(m) with ~~(0) = Mp, which gives a corresponding expansions zp = 
s, + C,“Eo z,(m). Hence by (12) 
Q, = (47~)“” . exp[ 1 P(x - y)/*/4f] . S, + z,(m) . 1 (13) m=0 
To prove Theorem 3, we proceed to make Cauchy estimates on (sp: P = P,, 
P2,.,.} and on each sequence {zp(m): P= P,, P2,...} in such a way that the 
estimates sum over m. 
Estimates on s,. We have 
(4nt)** e evllp(x - ~)1*/4tl . s, 
= [det ap(y)I exp[([P - [ap(x’1(x - y), x - y)/4t]. (14) 
The calculations of Theorem 2 of [ 13 ] show that [a(x)] -’ - I E Y*(B), and 
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hence is of trace class. Using the continuity of the determinant function, we 
easily observe that for each x, (14) converges to 
(det a(Y)]-“* exp[([l- [a(x)]-‘](x - Y), x - y)/4t] 
uniformly as I ranges over any compact subset of (0, co) and x and J’ over 
any bounded subset of B. 
Estimates on rp(m). Recall that ~~(0) = MP = Lc,,s,. The form of ~~(0) 
is easily computed from Eqs. (12), (16) and (21) of [ 131 and is as follows. 
For h, k E I-I, vectors Vp(t, x, y) E H and operators Wp(t, x, y) E P’(H) are 
defined by 
(Vp(t,X,Y),h)=(4t)-‘~-(~l~,(x>l-’~(x-~),x-~) 
+ 2([a,(x)]-‘kx - Y>\l 
(w,(r,x, y)k, h) = (-4t)-‘((~‘[ap(x)]-‘kh(x - Y), x - Y) 
-3(D[a,(x)]-‘hk+D[a,(x)]-‘kh,x-y) 
-(4t)-‘[(~[a,(x)]-‘h(x-y),x-~)(~[u,(x>]-’k(x-y),x-y) 
- 2([u,(x)]-‘h, x - y)(D[&)l-’ k(x - Y), x - Y> 
- ~([u,(x)]-‘k- y)(W+(x)l-’ 0 - Y>,x- ~)ll. 
Here we interpret [up(x)]-’ as a map in Y’(H) by first taking the inverse of 
up(x) as a map of P[H] to P[H], then extending the inverse to all of H by 
defining it to be zero on P’[H]. Then 
Mp = {trace[a,(x) W&, x, y)] + (&4x), vp(ty x, Y>) + c,(x)} S,(t, x7 Y)- (15) 
As in the proof of Theorem 2 of [ 131, [u,(x)] -’ satisfies conditions B-iii and 
B-iv. Hence the preceding equations show that, after extraction of the 
Gaussian factor 
(4~t)-“/~ exp[-lP(x - y)l’/4t] 
from MP, we are left with a function bounded independently of P as t ranges 
over any compact subset of (0, co) and as x and y range over any bounded 
subset of B. 
In order to obtain Cauchy estimates on the sequences {Mp} let us look at 
the following typical term in MP - Ma: 
trace{u,(x)(olu,(x)l-‘(.)(.>,x - y) - ~~(x>(~[u~(x>l-‘(~)(~).x- Y)i 
=cg+o, 
DUALITY OF FUNDAMENTALS 317 
where 
0 =t~acel(~,(x)-~o(x)>(~l~o(x)l~'(~)(~)~~-~>l~ 
0 = trace[u,(x)({o[a,(x)]-' - ~[u&)]-'}(~)(~),x - VII. 
It is at this stage that we need hypothesis D-ii. Recall that, from hypotheses 
B-ii to iv, u(x) = I + a(x), where a(x) E 9*(B) and [[cz(.)[[~~(B) is uniformly 
bounded and Lip- 1. 
Considering the term @, we write 
Q,(X) - ~(4 = If’- Ql + [fW’x)P - Qa<Qx>Ql. 
Because of the presence of the [P - Q] term, [[ @ [lpo,) fails to converge to 
zero. However, since D[u~(x)] -’ vanishes off Q[H] and P - Q vanishes on 
QIHL 
trace[(P - Q)(D[ao(x)]-‘(s)(m), x - y)] = 0. 
Now using D-ii, we have IJPa(Px)P- Qa(Qx)Q[[,, < E llxll for all Q 
sufficiently large. Since by Eq. (6) and by B-iii, [[(o[uo(x)]-‘(e)(e), 
x - YII ~ 1o,i < constant . [[x - y [[ for all Q, it follows that [ @ ( < 
E [/ x[/ . [[x - y [[ for all Q sufficiently large. 
Remarks on D-ii. For any trace class operator T, IIPTII,, and [[ TPI(,, 
converge to [( TII,, as P + I. Now 
II fWx)P - 4xIL 
,< IIP(a(Px) - a(x))% + II - 4x))PII,, 
+ II4W - 44L 
< IlaW) - +L + IIp4-4 - 44ll,, + Ila( - a(x>ll,,. 
Since ([ a(Px) - a(x)l < constant . [/ Px - x[JB by B-iv and Eq. (6), it follows 
from D-i that (I Pa(Px)P - a(x)l -+ 0 as P -+ I. However, the convergence 
established is only pointwise in x. Such pointwise estimates are not sufficient 
to estimate the iterates of Mp which, according to Eq. (1 l), are involved in 
estimating yp. Hence we have assumed hypothesis D-ii. 
Turning next to the term 0, we note that 
[u(x)]-‘-z= [I-u(x)](u(x)]-’ 
so that 
[u(x)]-‘=Z+ [I-u(x)][u(x)[-’ 
= z + P(x), 
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where /3(x) satisfies properties similar to those of a(x), namely, 
is uniformly bounded and Lip-l, and p satisfies D- 
[up(x)]-’ = P + PP(Px)P, 
and 
mw-’ = l~p(W’ m4x>l-‘bP(w1 
= [P + Pp(Px)P][Da(Px)(.)] [P + P/qPx)P]. 
Making use of the P*(H) norm boundedness of up(x) uniformly for all x and 
P, it is straightforward to calculate that ] @ 1 < E llxll . I/x - y]l for all Q 
sufficiently large. 
The time dependence of W,, is easily seen if we replace each occurrence of 
(X-Y> by (x- Y>/&. R ou ine t calculations of the preceding nature now 
enable us to show that given r, > 0 for all Q sufficiently large 
Itrace[a,(x) Wp(t, x, Y) - a,(x) WQ(t, x v>ll 
< &t-l’2 llxll P, JIx - y/I 
( 1 J; 
for 0 < t < r,, where P, is a fourth order polynomial. 
Let v’(t, x, y) be the Gaussian factor 
(4nt)“” exp[(/ P(x - y)12/4t]. 
Analogous to the calculations of [ 111, considerable further computation 
yields Cauchy estimates of the following form: 
Given E > 0 and r, > 0, there exist Q and a constant K,,,,,,, PYII,\l; 
depending only upon the maximum values of l]xll and of (Ix - y(l/$ such 
that for all 0 < t < r,, and for all P > Q > Q, 
Ir,(0)VP-rQ(O)vQI=IMpVP-A4QVQI 
< .s-‘12K \ lPll,:h-YII/ \/i 
I r&) VP - rQ(m) VQ I < E- ;;;;; [K l~ll.Ik-Yllldlm’ 
and 
Iz&> VP - z&> vQ I < 
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Referring back to Eq. (13) for Qp, it follows that there exists a constant 
C,,X,,,~,X~Y,,,~ depending only on the maximum values of (1x1( and of 
/Ix - yII/fi such that 
for all P > Q > Q, and for all 0 < t < T,. 
Hence we have the desired uniform and bounded convergence of { Qp) as t 
ranges over any compact subset of (0, co) and as x and y range over any 
bounded subset of B x B. 
THEOREM 4. Assume that the coeflcients of the parabolic operator L,,, 
satisfy B-i through v, C-i through iii, and D-i, ii. Then there exist 
fundamental solutions (ql(x, dy)} and {qT(x, dy)} of the Cauchy problems for 
L,,, and for Lz,,, respectively, such that 
(i) for each t and x, ql(x, dy) and qT(x, dy) are absolutely continuous 
with respect to pzl(x, dy), 
(ii) the Radon-Nikodym derivatives Q(t, x, y) of q&x, dy) with respect 
to pzt(x, dy) may be chosen so as to be continuous on (0, co) x B x B, 
(iii) Q(t, y, x) is the Radon-Nikodym derivative of qF(x, dy) with 
respect to pzI(x, dy). 
Proof As remarked before Theorem 3, q;(x, dy) = Q,(t, x, y) pzI(x, dy) 
converges to q,(x, dy) in total variation norm for each x in B and t > 0. Since 
pzr(x, dy) is a positive measure, it follows from Theorem 3 that the Radon- 
Nikodym derivative Q(t, x, y) of q,(x, dy) with respect o pzr(x, dy) can, for 
each t and x, be represented by the pointwise limit of the sequence 
{Q,(t, x, y)}. Hence, by Theorem 3, Q(t, x, y) may be selected so as to be 
continuous on (0, co) x B x B. 
By Proposition 1, the coefficients of L,*,,, as given in Eq. (5) satisfy B-i 
through v. Moreover, since the second order coefficients of Lz,, coincide with 
those of L,,, it follows that the hypotheses of Theorem 3 are satisfied also by 
Lz,,. Following Eqs. (7) and (8), let 
q:“‘(x, dy) = Q,*<t> x, Y> ~z,(x, dy) 
be the approximating measures to qT(x, dy), where Q,* is chose so as to be 
continuous on (0, 00) x B x B. By the finite dimensional theory, QX(t, x, y) 
must equal Q,(t, y, x). Letting n -+ co, we conclude that qT(x, dy) = 
Q<t, Y, x) pzt(x, dy). 
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Remarks. We note that Q(t, x, y) is bounded on sets in (0, co) x B X B 
of the form compact X bounded x bounded. 
The preceding theorem shows that as we go from finite dimensional 
fundamental solutions to infinite dimensional solutions, the pathological 
behavior of the measures q,(x, dy) is concentrated in the abstract Wiener 
measure factors pJx, dy). 
We observe from Eq. (9) that in order to differentiate z,,(t, x, y) with 
respect to x, we need only take x derivatives on the terms s,(t, x, y) and 
sn(t - U, x, w). Since s, is readily computed to be twice H-differentiable in its 
second variable, we see by Eq. (12) that Q,(t, x, y) is twice H-differentiable 
in X. Very minor modifications of the estimates of Theorem 3 can be carried 
out, leading to establishment of the convergence of ] D, Q,(t, x, y)IH and of 
I D,, Q,<t, x, YL~ uniformly as t ranges over any compact subset of 
(0, co) and as x and y range over any bounded subset of B x B. We 
therefore have as a corollary of Theorem 3 that Q(t, x, y) is twice H- 
differentiable in x, and so, by Theorem 4, we have 
COROLLARY 5. Q(t, x, y) is twice H-d$erentiable with respect to x and 
with respect to y. 
The Wiener measures { pJx, dy)} are infinitely H-differentiable measures 
(see [ 131). Since D,,Q(t, x, y) exists, we conclude 
COROLLARY 6. Each q,(x, dy) is a twice H-differentiable measure. 
We will close with a brief application to regularity of the semigroup 
asssociated with (q,(x, dy)}. For f bounded measurable on B, we define 
PAX) = I f(y) P,(x, dy), 
qtf(x) = I f(y) qt(x, dv). 
It has long been known [4] that for any bounded measurable f, pff is 
infinitely H-differentiable. But for q,f, no smoothness was known unless f 
was assumed to be uniformly bounded and B Lip-l (see Section II). We will 
now see that 
COROLLARY 7. If f is bounded and measurable, and has bounded 
support, then ql f (x) is H-continuous. 
Proof We write 
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-Q(cw)l ~,,Wy)/ 
< sup I Q(f, x + k Y) - Q<c A Y>I . Ilfll, 
yin wtl/l 
+ If /ICC yi;sup,n I QG. x3 Y)I 
IhI2 + WG Y> 
4t I I 
- 1 P&, &I. 
Now by 14, p. 1531, 
IhI + w7 Y> 
4t 1 I - 1 2 P&,&) = o(lhl>. 
We conclude that 1 q,f(x + h) - q,f(x)l + 0 as I h ( + 0. 
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